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Abstract 



Some sharp results related to the convergence of means and families of operators generated 
by the generalized Bochner-Riesz kernels are obtained. The exact order of approximation of 
functions by these methods via if- functional (or its realization in the case of the space Lp, 
, < p < 1) is derived. 

^ 1 Introduction 
in 

^ ^ Let T*^ = [0, 27tY be the (i-dimensional torus. As usual, the space Lp(T^), < j9 < oo, 
consists of measurable real valued functions /(x), x G M^, which is 27r-periodic in each 
O ■ variable and ^ 

ii/iip= (^jjf{x)\Pdxy <c^. 

^ ' By Loo(T^) denote the space of all real valued 27r-periodic continuous functions on 
a' 



which is equipped with the norm 



ll/lloo = max|/(x)|. 



Binomial coefficients of order (5 > are given by 
[k k\ 



, keN, 



and (q) = 1. We will repeatedly use the following estimates (see, for example, [T], 
Ch.l,§l]) 



k 



< (1-1) 
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We denote by C and Cj, j = 1,2,..., positive constants depending on the indi- 
cated parameters. The notation A{f, n) x B{f, n) means a two-sided inequahty with 
positive constants independent of / and n. 

The generahzed Bochner-Riesz kernel is defined as fohows 

= (1.2) 

where = kiXi + • • • + kdXd^ \x\ = and x+ = max{x,0}. If = 2, then 

in (11.21) we have the classical Bochner-Riesz kernel. 

In the present paper we deal with the generalized Bochner-Riesz means given by 
S^^\f; x) = {27T)-' I fix + y)n^J{y)dy, n G N, (1.3) 
and with the family of linear polynomials operators given by 

2n 

S^Jif; x) = (2n + 1)-^ ^ f{ti + \)n^/{x -t^-X), n G N, (1.4) 

where 

J 2n 2n 2n 

n 2n+l ' 

fc=0 fci=0 fcd=0 

The Bochner-Riesz means and the family of polynomial operators generated by the 
kernel TZ^^ we denote by and {S^.y}, respectively. 

The properties of the classical Bochner-Riesz means are intensively studied 
by many authors (see, for example, [2, Ch.7], [3, Ch.3], [1], [S], [B], [7]). Some sharp 
results related to the approximation of functions by these means and by the family 
{tS^j.;^} were obtained in [5]. 

Which approximation properties do the means (11.31 ) have for different values of 
13 and 51 It is known that the regularity (convergence) of the Bochner-Riesz means 
depends on the parameter 5. In particular, it was shown in [7] and [6j that if (5 > 
{d — l)/2, then the means (11.31) converge in Lp(T^) for any ^ G [1, oo], for other values 
of 5 the convergence may not be achieved. The parameter {3 > does not have any 
effect on the regularity of the means <Sf'^ in contrast to 5 (see, for example, p Ch.8] 
in the case of even 13). However, the order of approximation of / by the means S^'^{f) 
is better for large (5 and the order is the same while 6 is changing. 



The special module of smoothness of order (5 > is defined by 
^/3(/, h)oo = 



En(-ir/(- + (--o-/^)/" 



where r G N and r > d — 1 + (5. It was shown in [B] that the approximation error of 
/ G C{T'^) by S^'^{f) is equivalent to ujp{f,h)oo under certain restrictions on 13 and 
5. This result is also valued in the space Lp(T^) (see, for example, [H Theorem 7]). In 
particular, we have the following theorem. 

Theorem A. Let f G Lp(T^), I < p < oo, ^ > 0, and 6 > {d - l)/2. Then 

\\f-S^''if)\\p^Mf^Mp: neN. (1.5) 

Note that in the case of even /3 > in ( 11.51) the module of smoothness a;^(/, h)p 
can be replaced by the corresponding ii'-functional (see P Ch.8]) and other special 
moduli of smoothness (see [7]). 

In [5] it was shown that for the classical Bochner-Riesz means as well as for 
the families {S^^.^} there is an alternative: either the means Sf^ (or the family {Sf^.^} ) 
diverge m Lp or its approximation error is equivalent to the K -functional (or its 
realization if < p < 1). 

In the present paper the results of [8] are extended to the case of the generalized 
Bochner-Riesz means <Sf'^ as well as to the family {S^!^} with any /3 G M, /3 > 0. In 
particular, it is proved that the above alternative holds for any positive 6 and (3. It 

B S 

turns out that in the case of < j9 < 1 the regularity of the family {S!^!^} essentially 
depends on the parameter /3. 

The paper is organized as follows. In Section E] we formulate the main results. In 
Subsection 12.11 the convergence theorems are formulated; in Subsection 12.21 the theo- 
rems on equivalence of error of approximation of functions by corresponding method 
are formulated. The auxiliary results are formulated and proved in Section El In 
Section [4] we prove the main results of the paper. 

2 Main Results 

2.1 Convergence Theorems 

Often we will deal with functions in Lp(T^^) which depend additionally on parameter 
A G T'^. We denote by || • \\p the j?- (quasi-) norm with respect to both the main variable 
x G and the parameter A G T^, i.e. 











\\p;x\\: 


p;A 



where || • \\p-^x a-^d || • \\p-^x are the ]3-norms (quasi-norms, if < j9 < 1) with respect to 
X and A, respectively. 

Let Tn be the set of all real valued trigonometric polynomials of order n: 



% = {t(,t) = Y. 

V I;, 



C-k = Cfc 



A sequence of linear operators {Cn\nen^ mapping L^, 1 <p < oo, into the space Tn is 
said to be convergent (or converges) in L^, if 

lim 11/ - Cn{f)\\p = 

for each / G Lp(T^). By analogy, a family of linear operators {>C^; A}neN,AeT'^) mapping 
L„, < j9 < oo, into Tn-, converges in L„, if 



lim 11/ - Cn-x{f)\\p = ^ 



n— 7-cxD 



for each / G Lp(T^). 

In order to formulate the main results, we split the domain 
into three parts: 



T{d) 

n{d) 



P ) 
kP J 

Xs)e 

.P J 



0<6 <d 
< (5 < - 



of pairs 13) 



1 1 


1 




p~2 


~ 2 


} 


- 1 _ 




1 


- — . 6 > d 




2 ' 




P 
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Theorem 2.1. Let I < p < oo and 5 > 0. The uieans S!^^^ converge in Lp 
if and only if the means Sf^ converge in the same space Lp. In particular, the means 
S^'^ converge in Lp if{l/p,6) G and they diverge in Lp if (l/p,6) G T{d). 

Note that the problem of convergence in the domain Q{d) is not completely studied 
even for the classical Bochner-Riesz means (see, for example. 



From Theorem 12.11 it follows that the parameter f5 > does not affect on the 
convergence of the means S^'^ in L^, 1 < j9 < oo. In contrast to the case J9 > 1, the 
dependence on the parameter (3 is essential for the family (11.41) in Lp, < j9 < 1. To 
state the next theorem we introduce the following set 



il : /^g2N, (3>d(^-l 



A 



s 

Theorem 2.2. 1) Let 1 < p < oo and 13, 6 > 0. Then the family 
converges in Lp if and only if the family {S^.^} converges in the same space Lp. In 

3 3 

particular, the family {S^^l^} converges in Lp if {l/p,5) G S(g?) and it diverges m Lp 
if{l/p,5)er{d). 

3 S 

2) Let < p < 1 and ^, 6 > 0. Then the family {S!^!^} converges in Lp if and 
only if{l/p,6) G and {l/p,(3) G B{d). 



2.2 Two-sided estimates of approximation 

For our purpose we will use a i^-functional related to the power of the Laplacian A^/^, 
which we define by 

A^/'f{x)r.^\kfck{f)e-^^'''\ /3GM, /3>0, 

k 

where 

Ckif) = (27r)-^ / f{x)e-'^'^-kx, k G 
are the Fourier coefficients of the function /. The corresponding i^-functional is given 

by 

K^if, t)p = infill/ -g\\p + tP\\/\P'^g\\p]. (2.1) 
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It should be noticed that in the case < p < 1 the i^^-functional given in ( 12.11 ) 
is identically zero (see [[H]). However, in accordance with the concept of "Realization" 
(see 112]), the /^-functional can be replaced by the quantity 

^^(/,t),= inf {||/-r||, + t^||A^/2T||,} (2.2) 

J G /l/t 

(see also [HI] for properties of Kp in the case < p < 1). 

Theorem 2.3. Let f G Lp{T'^), 1 < p < oo, (3 > 0, and 6 > {d - l)/2. Then 

II/-<a(/)IIf>^ \\f-S^'\f)\\p:^K^{fA/n)p 
- ^/3(/, - ^/3(/, l/n)p . 

The next theorem holds in the case < j9 < 1. 

Theorem 2.4. Let f e Lp(T^), < < 1, {l/pj) G S(d), and{l/p,l3) G B{d). 
Then 

ll/-<5f:A(/)lt-^M/,l/n),, nGN. (2.4) 



The following theorems contain approximation properties of the methods ( 11.31 ) 
and ( 11.41 ) for {l/p,5) G ^{d). We wih denote the subdomains of where the 

Bochner-Riesz means St and the corresponding families {<S^^,} have the convergence 
property with Q.'[d) and Q"{d)^ respectively. 

Theorem 2.5. Let f G LpiT'^), 1 < p < oo, 5 > 0, and {l/p,5) G n{d). 
Then 

ll/-<5f'V)L<(27r)-^||/-<Sf:,V)lb, neN, (2.5) 
m particular, Q"{d) C ^}\d). 

Theorem 2.6. Let f G Lp(T^), I < p < oo, d > I, 6 > 0, and {l/p,6) G 
n'{d). Then 

11/ - S^^\f)\\p >^ Kp{f, l/n), X Kp{f, l/n), ^^^^^ 
X Lup{f, l/n)p. 

Thus, from Theorems 12.11 and 12.61 it follows that the approximation error of the 
means S^'^ is equivalent to the corresponding K -functional if and only if the means 
S^'^ converge in Lp. 

Theorem 2.7. Let f G Lp{T'^), I < p < oo, d > I, P, 5 > 0, and {l/p,5) G 
n"{d). Then 

11/ - <^(/)||, X 11/ - X K^if, l/n)p 

- K^if, l/n)p X u)p{f, l/n)p . 

Similarly to the case considered above, from Theorems 12.21 and 12.71 it follows 
that the approximation error of the family is equivalent to the corresponding 

K -functional (or its realization K if < p < 1) if and only if the family 
converges in Lp. 



3 Auxiliary assertions 



Let us present some facts related to multipliers for trigonometric polynomials. Let g 
be a real or complex valued function defined on W^. It generates operators {An{g)}n>i 
given by 

A^{g)T{x) = J29(l)^ke'^''^\ = E ^^^^^'''^ ^ 



fi 



where T is the set of ah trigonometric polynomials. 

Consider the inequality 

\\An{g)T\\p<C\\T\\p, TeTn, n>l. (3.1) 

We say that (13.11) is valid for the function g (this we denote hy g G Mp{T)), if it is valid 
in the L^-norm for all T G 7^ and n > 1 with some positive constant C independent 
of T and n. 

The following two lemmas are evident. 

Lemma 3.1. Let g^h G Mp{T). Then the functions g + h and g ■ h belong to 
MpiT). 

We will also use the inequalities of type 

\\Ar,{g)T\\p<C\\Ar,{h)T\\p, T eX, n>l. (3.2) 
In the next we suppose that h{^) 7^ for ^ 7^ 0. Put 

x(0 = jj^y ?eK''\{0}. 

We assume that is somehow defined at the point ^ = 0. 

Lemma 3.2. Let g{0) = h{0) = and let X G Mp{T). Then the inequality in 
(13.21) is valid m Lp independently of the value X{0). 

As usual, the Fourier transform of a function / G Li(]R'^) is given by 

fix) = f f{y)e-^^-^yky. 

The next lemma (see [7], [131 P- 150-151]) gives sufficient conditions for the validity 
of (O) in the space Lp(T'^). 

Lemma 3.3. Let < p < 00 and let g be a continuous function with compact 
support. If^E Lp*{W^) {p* = mm{l,p)), then g G Mp{T). 

Let us denote by W^{W^) the Sobolev space of all integrable functions whose 

o 

derivatives up to the order m belong to Li(IR^). By W^^W^) denote the set of functions 
in W]f^{W^) having compact support (see details, for example, in [HI Ch.l]). 

The following lemma is proved in [8] (more general statements are proved in P, 
Ch.6]). 

Lemma 3.4. Let < p < 00, m = [d/p'^] + 1 {p* = min(l,j9), [a] is integral 
part of a). If g e IVf (M'^), then g G Lp*{R^) and, therefore, g G Mp{r). 
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In the next by d'^ we denote the class of real or complex valued C°°-functions 
with a compact support contained in the set {x G : < 1}. We use the symbol 
dV^ to denote the class of real valued radial C-functions i/j with a compact support and 
^(0) = 1. 



The following two lemmas are proved in 
Lemma 3.5. Suppose f G C°°(R^ \ {0}) is a homogeneous function of order 



f3 > 0, it is not a polynomial, and h G 9\ . Then fh G Lp{M. ) if and only if 
^ < p < oo. 



d+/3 

Lemma 3.6. Let < p < oo, (3 G B{d), n E N, and T G Tn- Then 

\\A^/^T\\p<Cn^\\T\\p, 

where C is a constant independent of T and n. 

The following lemma is easily obtained by using Theorem 6.1.1 in [D]. 

Lemma 3.7. Let < p < 1, let f and g be bounded functions with compact 
supports contained m {x G R : \x\ < 3}, and let f,ge Lp{R'^). Then fg G Lp{R'^). 

The item 1) of the next lemma is well known (see, for example, [IB], [TQl Ch.9]); 
the item 2) is proved in [8]. 

Lemma 3.8. 1) Let 1 < p < oo. Then the means Sf^ converge in Lp if {l/p,6) G 
E((i) and they diverge m Lp if{l/p^6) G r{d). 

2) Let < p < oo. Then the family {Sf^.^} converges in Lp if (l/p,6) G T,(d) 
and it diverges in Lp if {l/p,6) G r{d). 

Throughout what follows we will use the following notation: 

^pA^) = {l-\xf)l (3.3) 

, . . ( I, \x\< 4/3; , . . / 1, < 1/2; 

'^^"^ = i 0, \x\ > 2, = 1 0, \x\ > 3/4, (3.4) 

h2{x) = ho{x) — hi{x). 

In addition, suppose that Hq and hi belong to C°°(IR^) fl dV^. 
Lemma 3.9. For 6 > we have 



'2 cos(2.M-f-|)^^^|^|_^_,^_ 1^1^^^ 



I I d+1 

\y 



2 



(3.5) 



Proof. Using the well-known equality (see, for example, [21 Ch. IV]) 




(3,6) 



and {h2{x) 



x\y+ G C^(M^), we get 




/ ip2A^y~'^"''^dx+ f {h2{x)-l)^2A^)^^'^"^'^d. 



X = 



where r is large enough. It remains to use the asymptotics of the Bessel function (see, 
for example, [2^ Ch. IV]) 



The statement of the next lemma for p = 1 see in [TT] or [IB]; for /3 = 2 this result 
follows immediately from the asymptotics of Bessel functions (13.71) . 

Lemma 3.10. LetO<p<l, I3>0, and 5 > 0. Then ipp^s G Lp{W^) if and 
only if{l/p,l3) G B{d) and 5 > d{l/p-l/2) - 1/2. 

Proof. Let us prove the sufficiency. We put 




u — > oo. 



(3.7) 



(3.8) 



where (pp^s and hj are defined by (13.31) and (13.41) . respectively. 



We first show that $i G Lp{M.'^). To see this we use the representation: 



$1 = $1,1 + $1,2 



(3.9) 



where 




(3.10) 




(3.11) 



and a > 2{d/p + I) / ^ + 2. 

From Lemma 13.51 for [5 ^ 2N and Lemma 13.41 for (5 G 2N it follows immediately 
that 1 G Lp{W^). Using LemmaEIHand ( I LI I ) it is easy to verify that for any positive 
(3 and 5 

^i,2Gi^p(M'^). (3.12) 
Thus, taking into account ( 13.91 ). we obtain that 

$1 G Lp{W^). (3.13) 

Now we check that $2 £ LpiM. ). Observe that for any positive 13 and 5 the 
following expansion holds: 

(l-N^)t = E«-(l-N')t^'' (3.14) 

where aj, G M and ao = {I3/2Y. Consequently, the function $2 can be represented as 
follows: 

$2 = $2,1 + ^2,2, 



where 



\x 



2\5+v 



$2,i(x) = /i2(x) ^a^(l - 

00 

$2,2(2:) = ^2(2:) ^ aj.(l - 

v=\+l 

and A > d/p — 5. Using equality ( 13.61 ) and asymptotic formula ( 13.71 ). it is easy to 
see that $2,1 G Lp(W^). Calculating the partial derivatives of the function $2,2, we 

o 

obtain that $2,2 £ W'^{W^)^ where m = [d/p]^l. Thus, by Lemma E31 we have that 
82,2 e Lp{W^). Therefore, 

82 e i^p(K'^). (3.15) 

Combining ( 13.131 ) and ( 13.151 ). we obtain (pp^s £ Lp{M!^). 



Now, let us prove the necessity. From Lemma 13.71 it follows that 

GLp(M"), J = 1,2. (3.16) 

We claim that under condition ( 13.161 ). the pair {l/p^l3) belongs to B((i). Indeed, from 
( IHT^ , ( 1XTB and (ESD it follows immediately that $1,1 G Lp{W^). Taking into account 
that 

$i,i(x) = |a:|^0(x), 
in 



where 



and applying Lemma [331 we conclude that /^) G B((i). 

Now we show that 5 > d{l/p — 1/2) — 1/2. Similarly to the previous arguments, 
we have $2,1 £ )• Using Lemma [231 we get 



I \<p2,i{x)\''dx >C J r 



d-i 



cos(27rr - f - f 



dr- 



oij 



The last inequality implies that 5 > d{l/p — 1/2) — 1/2. Otherwise, we would have 
that $2 ^ Lp{R'^). u 

Let us consider general approximation methods generated by the kernel 



where ip G C (R^) is a real valued centrally symmetric function with a compact support 
in G : |x| < 1} and ip{0) = 1. By analogy with the definition of the methods 
(O) and (iri), we put: 



Qif- x) = (27r)-^ / f{x + y)K{y)dy, n G N, 



2n 



(3.17) 



(3.18) 



Cl,{f- x) = (2n + 1)-^ + ^)^'(^ -tn-^). neK 

k=0 

As usual, the norm of a linear operator is given by 

Kh)= sup \\mf)\\p- 

ii/iip<i 

By analogy, we define the (quasi-)norm of a family ^} by 

\\{K.x}\\ip) = i^^r'^' sup \\C:._,{f;x)\y. 

Il/llp<l 

The proof of the lemma below is standard (see, for example, [8]). 

Lemma 3.11. 1) The means converge in Lp, I < p < og, if and only if the 
sequence of their norms {\\j^n\\{p)}neE is hounded. 



11 



2) The family {jC^.x} converges in Lp, < p < oo, if and only if the sequence 
{\\{^n;x}\\ip)}nef^ ^ounded. 

The general conditions of convergence for the methods ( 13. 171 ) and ( 13. 181 ) are for- 
mulated in the next lemma (see [19] and [20]). 

Lemma 3.12. 1) The means and the family {C^.^} converge in Lp for all 
1 < p < oo if and only if (p E Li (W^) . 

2) Let < j9 < 1. The family {C^.y} converges in Lp if and only if (p Lp(R^). 

The following two lemmas are the main tools for proving the theorems from Sec- 
tion O 

Lemma 3.13. Let5>0, {l/p, eB{d), and {l/p,5) eT.{d)U^'{d). Then 

||r-<Sf''^(r)||pXn-^||A^/2T||p, TgT;, neN. (3.19) 

In (13.191 ) the operator S^'^ can he replaced by S^]^ f^f^ ^^?/ fi'Xed A G without 
affecting the constants. 

Proof. Let us prove the upper estimate. It is easy to check that for each polyno- 
mial r e n e N and A G 

S^^\T;x)=S^/jT;x), x G T^. (3.20) 



From (13.201 ) it follows that the operator S^l'^ in (13.191 ) can be replaced by 



n: A 



According to Lemma 13.111 for j9 > 1 , we have 

\\^^'\T)\\p<C\\T\\p, TeTn, nGN. (3.21) 

We claim that the inequality (13.211 ) holds also for < p < 1. Indeed, from the 
equality (13.201 ) and the conditions of Lemma 13.131 we obtain that for every polynomial 
T G T; and n G N 



p • 



\\Si'\T)\\p = {27r)-'/^S^J{T)\\p < |l<Sf;,^||(,)|ir|l, < C\\T\ 
Thus, we have for < < oo 

^p,s e Mp{r). (3.22) 

Put 

^(^)^| (l-^/3,.(^))kK ^^0; (3 23) 

^j{x) = hj{x)^{x), j = l,2, 
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where hi and h2 are defined by ( 13.41 ). Note that 



^i(x) = hi{x)^ 



v=l 



^6' 



V . 



lY\x 



By analogy with the proof of sufficiency in Lemma 13.101 we have that G 
[p* = min(j9, 1)) and hence, by Lemma E31 we get 

Now we consider the function ^2- If is obvious that 

Applying Lemma [231 (13.251 ). Lemma EHI and ( 13.221 ), we get 

6 e MpiT). 



(3.24) 



(3.25) 



(3.26) 



Thus, by ( 13.241 ), ( 13.261 ) and Lemma [XH we obtain that ^ G Mp{T) and hence the 
application of Lemma 13.21 yields 



|r-<S^''(r)||p<C3n-'^||A^/2r||p, TGTn, nGN. 



(3.27) 



In order to prove the lower estimate in ( 13.191 ) we put 

i^,{x) = h,{x){^{x))-\ J = 1,2. 

We claim that r/j G Mp{T), j = 1, 2. To see that 772 G Mp{T), we represent 772 in the 
following form: 

where 

a 00 

m,l{^) = \xfh2{x)^(p''{x), T]2,2{x) = \xfh2{x) ^ '^'^ {x) , 

v=Q v=a+l 

and a > {d/p+ 1)/^- Using Lemmas EiH and [231 if is easy to check that 



^2,2eMp(r) 

Consider the function 772,1. It is obvious that 

(/i2(x)|x|^)^G V(E^). 
Applying Lemma 13.31 ( 13.291 ) , Lemma 13.11 and ( 13.221 ) , we get 

r/2,iGMp(r). 



(3.28) 



(3.29) 



(3.30) 



Thus, by ( 13.281 ). ( 13.311 ) and Lemma EIH we obtain 

m G Mp{r). 



(3.31) 



Now to check 

we introduce the function 

(j){x) 



m G Mp{r), 



\x\ 



1 - (1 - \xf)' 



E 

i/=0 



wl3 



(3.32) 



(3.33) 



where a > |(^ + 1) + 2. We put also 7(0;) = (f){x)hi{x). From Lemmas ETU and [23] it 
follows that 7 — 7/1 e MpiT). Thus, to check ( 13.321 ). we need to check 

7 G M,(r). 



(3.34) 



Note that, for u G (0, 1^ 



u 



1 - (1 - uPY 



E 



-1 



CM 



(3u 



where cq = (5 7^ 0. Therefore, the numbers {a^,} in ( 13.331 ) can be chosen such that 



-1 00 



(CXJ 

Calculating the partial derivatives of 0(a:) and taking into account ( 13.351 ). we get 

o 

h\(t) G VF™(M^), where m = [d/jg] + 1. Thus, by Lemma [231 we have ( 13.341 ) and 



therefore ( 13.321 ). 

Combining ( 13.311 ) and ( 13.321 ) , using Lemmas 13.11 and 13.21 we have the following 
inequality: 

n-P\\l^N^T\\p < C^\\T - <Sf'^(r)||p , T G 7;, n G N. 
Thus, from ( 13.271 ) and ( 13.361 ) we have the two-sided inequality ( 13.191 ). ■ 



(3.36) 



Lemma 3.14. Let f ^ Lp{T'^), I < p < 00, 13,5 > 0, and{l/p,6) G J:{d)UQ'{d). 
Then 

where C is a constant independent of f and n. 



Proof. The proof of Lemma [3. 141 is similar to the proof of Lemma [3. 131 (the upper 
inequality in ( 13.191 )). The main difference is that it is necessary to use multipliers of 
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Fourier series instead of multipliers of trigonometric polynomials. We give a brief proof 
of Lemma 13.141 by using the corresponding theorems in [7] (see also Chapters 7 and 8 
in 0). 

Denote by Mp the algebra of locally Riemann-integrable functions with the norm 



m\Mp = sup 

n 




< OO, 



where ||{Afc}||ip^Lp is the norm of Fourier multiplier A = {Afc}, acting from Lp to Lp 
(for the precise definition see [7]). By the comparison principle for Fourier multipliers 
(see Theorem 6 in [7]) it suffices to show that the function ^ defined by ( 13.231) belongs 



to Mp. 



Put ^i(x) = hi{x)^{x) and ^2{x) = (1 — hi{x))^{x). In the proof of Lemma [3T3J 



it was shown that G L] 



^ ), hence using Theorem 1 in [7] and the inequality 
IMIl Lp^Lp 



which holds for any p G [1, oo) (see, for example, [211 P- 284]), we get G Mp. 

To conclude the proof, it remains to show that ^2 £ Mp. In accordance with 
the conditions of Lemma [3T41 we obtain ipjs^s £ Mp. Note also that the function 
i/j{x) = {l — hi{x))\x\~^ can be represented as an absolutely convergent Fourier integral 
(see Theorem 4 in [7]), hence i/j G Mp (see Theorem 1 in [7]). Thus, by using elementary 
properties of multiphers, we obtain ^2 G Mp. u 



4 Proofs of the Main Results 

Proof of Theorem \2.1[ Let a and 6 be some positive numbers. Let us show that the 
convergence of the means S^'^ in Lp implies the convergence of S^'^ in the same space 
Lp for any (3 > 0. 

First we show that the convergence of <S"'^ implies the convergence of tS"'^"*"^. 
Indeed, from the equality 



and from Lemma 13.61 we get that for each / G : 



\S:^'^\f)\\p<K^\f)\\p + n-^\\A^/'S^'\f)\\p< 

<c\\s:^\f)\\p. 



(4.1: 



From the last inequality and Lemma [3JJJ it follows that the convergence of S^' implies 
the convergence of S^'^~^^. 

Next, using the expansion 



\x 



we can represent the means S^' ^ in the following form 

A 

5f'^ = ^6.<s;^'^+'^ + p., (4.2; 

where 



and 

A 

^(x) = (1 - \xf)i - Kii - mi^". (4.3) 

We choose the parameter A in (14.31) such that ^/^(O) 7^ and X > d. Repeating the 
proof of Lemma EHQ] it is easy to check that i/j G Li(IR ). Whence, by Lemma [3J^ 
we have that Vn with an appropriate normalization converge in Lq for any g G [1, 00]. 
Thus, by using the equality ( 14.21 ), the inequality ( 14.11 ), and Lemma [3JJJ, we get that 
the means S^'^ converge in Lp for any /3 > 0. To complete the proof of the theorem, 
it remains only to use Lemma 13.81 ■ 

Proof of Theorem \2/A The proof of item 1) of Theorem 12.21 is similar to the 
proof of Theorem 12. 1[ The proof of item 2) follows from Lemmas 13.101 and I3.12[ ■ 



Proof of TheoremlEM By using Lemma [3T4| for any g satisfying A^^'^g G Lp(T^), 
we get 

11/ - S^'\f)\\p <\\if-9)- S^\f -g)h+\\g- sPJ{g)\\p < 
< {l + \\S^^'\\ip))\\f - g\\p + C,n-^\\AP/'g\\p. 



Passing to the infimum on g in ( 14.41) , we obtain 



11/ - <5f''(/)||, < C2Kp{f. l/n)p < C2Kp{f, 1/n), . (4.5) 



lis 



We now prove the lower estimate. Using the lower estimate in ( 13.191 ). we have 

<\\f-S^^\f)\\,^n-n^^l'S^J{f)\\,< 
< 11/ - + C,\\SPn\f - <Sf'^(/))||, < 

<C4||/-<Sf'^(/)||,. 

The equivalence 

follows directly from Lemma 2.2 in [20] (see also the proof of Theorem 2 in [S]). 
Thus, the equivalences in ( 12.31 ) follow from ( 14.51 ). ( 14.61 ). ( 14.71 ) and Theorem A. 



(4.6) 



(4.7) 



Proof of Theorem \2.4\ The proof of Theorem 12.41 follows from Lemma 13.131 and 
Theorem [221 It coincides with the proof of Theorem 3 in [8]. ■ 



Proof of Theorem \2.5[ The proof of inequality ( 12.51 ) is similar to the proof of 
Theorem 6 in [8]. ■ 



Proof of Theorem \2.6] and Theorem \2. 71 The proof is similar to the proof of 
Theorem [231 ■ 
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